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Refractive Index Effects on Heat Transfer
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By the use of the ray tracing method, in combination with Hottel and Sarofim’s zonal method and spectral
model, transient coupled radiative and conductive heat transfer in a multilayer absorbing, isotropically scattering
composite with semitransparent and specular surfaces and interfaces is investigated. The specular reflectivities
of all of the surfaces and interfaces are determined by Fresnel’s reflective law and Snell’s refractive law. For the
ray tracing method, the complex total reflection problem of the multilayer composite is properly solved, and the
radiative transfer coefficients (RTCs) of the multilayer composite are derived. The RTCs are used to calculate a
radiative source term, and the transient energy equation is solved by the fully universal implicit discrete control
volume method. Combined with extinction coefficient, conduction-radiation parameter, scattering albedo, layer
thickness, and number of layers, the effects of refractive index on pure radiative and coupled radiative and
conductive heat transfer are investigated. The analysisshows that, if the refractive indexes of the layers are arranged
according to a specified periodical behavior along the thickness, and the other corresponding parameters of each
layer are kept the same, then the temperature distribution within the composite shows a similar complex periodical

behavior as well.

Nomenclature kie = harmonic mean thermal conductivity at
At = fractional spectral emissive power interface ie of control volume #, (Ax; + Ax}, )/
of spectral band k at nodal temperature 7;, (Ax{/kj + Ax] /K, ), Wm™ K™

kiw = harmonic mean thermal conductivity at interface
iw of control volume i, (Ax!_, + Ax))/

f lx.b(Tf)dk/(aT,-“) (Ax/_ /K, + Ax!/K), Wm™ ' K-
A k] = thermal conductivity of ith control volume, when

al,, a2, = surface, interface, or control volume of bth layer, L <M, and kj =k, when M, + --- + Mbl* 1<
used to define one-layer radiative intensity i < M+ +Mandkj = ky, Wm™ K™
quotient transfer function L, = thickness of bth layer, m

b1, b2 = surface or interface, used to define multilayer L, = total thickness of composite,
radiative intensity quotient transfer function Li+L;+---+L, m

¢ = specific heat capacity of bth layer, Jkg~' K~ M, = number of control volumes of bth layer .

F = radiative intensity quotient transfer function M, = total number of control volumes of composite,
of single-layer semitransparent medium model M, + M? T+ ,M”

H = radiative intensity quotient transfer function of Ny = condugtlon—radlatlonzparameter of bth layer
multilayer semitransparentmedium model of medium, k,/ (40T’ L,) . .

hy,h, = convective heat transfer coefficient at surfaces n = total number of layers of the multilayer physical
S| and S,, respectively, Wm—2 K~ model (Fig. 1) L

A = Ithnode in bth layer Ry k = spectrql refractlve index of bth layer

J, = Jthnode in bth layer n, = refract}vemdex of mth elemegt

k, = thermal conductivity of bth layer of medium, no, Ny 11 = refract}vemdexes of surrouqdlngs (equal to the
Wm-! K-! refractiveindex of airn,) (Fig. 1)

n,f'k = refractiveindex of ith control volume, when
i<M,andn;, =n 4, when My + -+ + M, _; <
i<Mi+ - +M,andn;, =ny,;

Received 7 August 2001; revision received 21 January 2003; accepted Py = ll}terfaqe between bth lgyer and (b + 1)th layer,
for publication 22 January 2003. Copyright © 2003 by the American In- s¥de of¥nterface Py faC%“g toward the bth layer
stitute of Aeronautics and Astronautics, Inc. All rights reserved. Copies of Py = side of interface P, facing toward
this paper may be made for personal or internal use, on condition that the the (b + 1)th layer
copier pay the $10.00 per-copy fee to the Copyright Clearance Center, Inc., q°,q" = thermal conductive and radiative heat
222 Rosewood Drive, Danvers, MA 01923; include the code 0887-8722/03 fluxes, respectively, Wm2
$10.00 in correspondence with the CCC. q' = total heat flux, ¢¢ +¢", Wm™2

*Graduate Student, School of Energy Science and Engineering, 92 West g = dimensionless heat flux, ¢/ (o T_“)

DaLzhi Street, Harbin 150001; luo.jignfeng@yahoo_.com. ) s s = black surrounding surfaces, u 1'): —00 or 400

"Professor, School of Energy Science and Engineering, 92 West Dazhi S‘” SL = boundary surfaces (Fig. 1) T
Street, Harbin 150001; tanheping77 @yahoo.com.cn. b2 _ . ¥ surt: g- ..

* Associate Professor, School of Energy Science and Engineering, 92 West (SuS )i - ratl.o of radlatlve.energy arriving at S, to that
Dazhi Street, Harbin 150001; ruanlm @hope.hit.edu.cn. [SuSulk emitted from S, in the kth spectral band A i,

$Professor, School of Engineering and Applied Science. Associate Fellow
ATAA.

407

for nonscattering and scattering media,
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ratio of radiative energy arriving at V; to that Subscripts
emitted from S, in the kth spectral band AX, - ind b . i —1
for nonscattering and scattering media, a = layerindex, absorption quotient, a = -7
. : b = layerindex, b= 1-n
respectively T . .
left and right black surfaces representing the bo = radiative intensity propagating from layer b
surroundings (Fig. 1) _ to}ieiyero ither b )
gas temperature for convectionat x =0 and L,, ¢ B cth layer, either & or o layer
respectively, K 8 = gas (air) L .
reference temperature, K iw,ie = left and right interfaces of ith control volume
temperatures of boundary surfaces S; and S,, k = relativeto Ifth spectral band
respectively, K 0 = oth layer, either b — 1 or b+ 1 layer
uniform initial temperature, K f" fz i reiatlve to Sy and fs,vz ith
temperatures of black surfaces S_, and S, - = refers to a composite wit
respectively, K (Fig. 1) semitransparentsurfaces
physical tim’e s —00,+00 = relativeto S_,, and S,
dimensionless time, 40 T3t /(pyc, L) Y/ relative to component for parallel and
I'th control volume of bth layer, I = 1 to M, perpendicular polarization, respectively
ith.control v.oh.]me, i=M, + o +M,_+1, Superscripts
ratios of radiative energy arriving at V; to that )
emitted from V; in the kth spectral band AX; for m = ume step )
nonscattering and scattering media, respectively § = specula.r reflection
dimensionless coordinate in direction across layer, * = normalized values
X=x/L,
eometrical progressionsused in tracing radiative .
8 prog & Introduction

intensity

distance between interface A and the boundary 7,
of control volume V;,, m

kth spectral band absorption coefficient of bth
layer of medium, m~!

transfer quotient of radiative intensity to control
volume or surface [Eq. (7)]

transmissivity of radiative intensity propagating
from layer b to layer o atangle 6, 1 — p(8),,
time interval, s

control volume thickness of bth layer, m
thickness of ith control volume, m, when i < M,
and Ax/=Ax;,when M, + ---+ M, <i <
M, + --- + M,, where ] <b<nand Ax]=Ax,
distance between nodesi and i + 1,

(Ax{+ Ax], )/2, m (Fig. 1)

distance between i and i — 1, (Ax] + Ax/_)/2,
m (Fig. 1)

11—,

dimensionless temperature, 7/ T,

incident angle of mth element, rad

refractive angle in bth layer,

arcsin(sinn,, /n,), rad

arrangement of critical angles 6, from

small to big, where a =0 ton + 1

critical angle; if n, > n,, 6, = arcsin(n, /n,,),
else 0;, = (w/2), wherea=0ton + 1

kth spectral band extinction coefficient of bth
layer of medium, o, + 0y 4, m~!

cos 6,

density of bth layer of medium, kg/m?
reflectivity of radiative intensity going from
layer b to layer o at angle 0

Stefan-Boltzmann constant, Wm~2 K~*

kth spectral band scattering coefficient

of bth layer of medium, m™!

kth spectral band optical thickness of bth layer,
Kkp i Lp

radiative heat source term of control volume i
refractive angle in oth layer, arcsin(n, /n, sin6,)
kth spectral band scattering albedo of bth layer,
Os.b.k/ Kbk

kth spectral band scattering albedo of ith control
volume, when i < M, and w} , = w, «, when
M+ +M, \<i=M+---+M,
where 1 <b <nand o}, =wy;

OUPLED radiative and conductive heat transfer in semitrans-

parent media is pervasive in engineering applications, such
as ceramic components for high-temperature use, tempering of
glass windows, and insulating techniques for the protection of aero-
engines. The refractive index plays an important role in coupled
radiative and conductive heat transfer. On one hand, the emission
of a medium is proportional to the square of the refractive index.
On the other hand, the reflection and refraction at a semitranspar-
ent interface, which are determined by Fresnel’s reflective law and
Snell’s refractive law, are intimately related to the refractiveindexes
on both sides of the interface. If the refractive index of the medium
on one side of an interface is much larger than that on the other
side, the reflected energy at the interface becomes very large, as
compared to the case where the two refractive indexes are not as
mismatched. Generally, the larger the refractive index of one layer
is, the more uniform the temperature distribution for pure radiation
is therein. Differing from diffuse reflectivity, specularreflectivity of
a semitransparentinterface is dependent on ray incidentangle.

Many researchers have investigated the effects of refractive in-
dex on heat transfer. Siegel and Spuckler investigated the effects
of refractive index on radiative heat transfer'> and coupled heat
transfer**> with diffuse reflection. Considering refractive index
to be larger than unity, Liu and Dougherty Crosbie and Shieh,’
Schwander et al.,® and Tan and Lallemand’ investigated the effects
of Fresnel boundary reflection. Su and Sutton'® studied transient
coupled radiative and conductive heat transfer in a nongray elec-
tromagnetic window with semitransparent specular surfaces and
considered the refractive index to be a function of temperature and
wavelength. Abulwafa'! recently studied coupledradiativeand con-
ductive heat transferin an anisotropicallyscatteringlayer with semi-
transparent, specular, or diffuse surfaces. Siegel'? investigated the
effects of the refractiveindex and specularand diffuse reflection on
radiative heat transfer in an isothermal layer with semitransparent
surfaces.

For coupledradiative and conductive heat transferin a multilayer
composite, reflection, total reflection, and interactions among all
layers become very complex with an increasing number of layers.
Early in 1986, Tsai and Nixon'? and Timoshenko and Trenev'* in-
vestigated the transientcoupled radiative and conductive heat trans-
fer in a multilayer absorbing composite, but Fresnel’s reflective law
and Snell’s refractive law were not employed in the two papers
to determine interface reflectivity. However, in 1993, Siegel and
Spuckler® studied the effects of the refractive index on pure radia-
tive heat transfer in a multilayer absorbing, isotropically scattering
composite with semitransparentdiffuse surfaces and interfaces; and
the diffuse reflectivities of all of the surfaces and interfaces were
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Fig. 1 Physical model of n-layer semitransparent composite medium with semitransparent specular surfaces and interfaces.

obtained from Fresnel’s reflective law and Snell’s refractive law un-
der the assumption that each bit of roughness acts as a smooth facet
and by integrationof thereflected energy over all incidentdirections.

By the use of the ray-tracinghode-analyzing method, in combi-
nation with Hottel and Sarofim’s zonal method,'® transient coupled
heat transfer in a two-layer absorbing, isotropically scattering com-
posite was investigated,and the two-layercomposite was considered
with two semitransparentsurfaces,'® two opaque surfaces,” and one
opaque surface and one semitransparent surface.'® Considering the
effects of Fresnel’s reflection and Snell’s refraction, Tan et al.’® and
Luo et al.?° studied transient coupled heat transfer in a three-layer
scattering composite with specular semitransparent surfaces'® and
opaque surfaces >’

Based on Refs. 19 and 20, in the present study, the effects of
the refractive index on transient coupled heat transfer and pure ra-
diative heat transfer in a multilayer absorbing, isotropically scatter-
ing composite with semitransparentspecularsurfaces and interfaces
are investigated. The effects of the extinction coefficient, scattering
albedo, conduction-radiation parameter, and convection—radiation
boundary conditions on heat transfer are studied as well. The differ-
ences between the presentresults and those of Ref. 2 are as follows:
In this paper, all of the surfaces and interfaces are semitranspar-
ent and specular, whereas, on the contrary, in Ref. 2 the surfaces
and interfaces are semitransparent and diffuse. Transient coupled
radiative—conductive heat transfer and pure radiative heat transfer
are studied simultaneously in this paper, but only pure radiative
heat transfer is investigated in Ref. 2. The diffuse reflectivity of a
semitransparentinterface is suitable for characterizingthe radiative
energy coming from the whole hemispherical space, and the total
reflection is considered in the reflectivity formula. In contrast, the
specular reflectivity of a semitransparent interface is suitable for
characterizing the radiative intensity coming from one direction,
and total reflection occurs when the incident angle is greater than
the critical angle.

As used in Ref. 12, for unpolarized incidence, the radiative in-
tensity can be divided into two equal, parallel, and perpendicular
parts. With correspondence to the two parts, the reflectivity of a
semitransparentinterfaceis classified into two parts also, as shown
in Appendix A. For a multilayer composite, the discretionary ar-
rangement of refractive index magnitude among all layers makes
total reflection in the composite very complex, and, in this paper, a
proper method has been deduced to solve this problem.

Physical Model and Discrete Governing Equation

Physical Model

AsshowninFig. 1,acompositecomposedofn absorbing,isotrop-
ically scattering layers with different optical and thermal properties
islocated between two black surfaces S_, and S, .. The two bound-

ary surfaces S, and S, and the interfaces, Py, P, ..., and P,_, of
the composite are semitransparentand specular. The thickness, re-
fractiveindex, and extinctioncoefficient of each layerare L, n, and
Kkp, respectively, and the refractive indexes of surrounding medium
are ny and n, ;. Along the thickness direction, the n layers are di-
vided into M, M,, ..., and M, control volumes, respectively, and
I, is used to denote the /th node in the bth layer. The total numbers
ofnodesare M, +2 (0,1, ..., M, + 1) with node 0 locating S; and
node M, + 1 locating S,. For convenience, all of the nodes are de-
notedby i as well, andif b =1, theni = I,. Otherwise, if | <b <n,
then,i =M, +M,+ --- +M,_, + I, (referto Fig. 1). As shownin
Fig. 1, the center point of each control volume is chosen as the node.
Thus, except for node 0 and node M, + 1, the distance between two
neighboringnodes, node i and nodei + 1, is (Ax/ + Axi’+ 1)/2,but
the distance between nodes 0 and 1 is Ax]/2 (= Ax;/2), and that
between node M, and node M, +1is Ax), /2 (= Ax,/2).

The variationof «,, n,, o, 05, and w, with respectto wavelength
is approximately expressed by spectral bands.!'®

Discrete Governing Equation and Boundary Condition
The fully implicit discrete governing equation of ith control vol-
ume in the bth layer is'¢

Tm+l _Tim

¢y Ax,—t
PpCpAXp Al

_ kl_meﬂ(Tin:ql _ Tl_m+1) ~ kl_rr;ﬂ(Timﬂ _ Tlrrj 1) . q>r.m+l
(6x)ie (8%)iw !

ey

With reference to the expression of a radiative source term for a
two-layercomposite with semitransparentsurfaces,'® the expression
of a radiative source term of control volume i for a multilayer com-
posite can be expressed as &7 =g, —q;, =4 _,), —4;,» Where
49;, =4(; _ ), represents the net radiative energy passing through
the left boundary of control volume i, and ¢/, represents that pass-
ing through the right boundary of control volume i. If 1 <i < M,,
then g/, can be expressed as'®

M;
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Fig. 2 Multilayer radiative intensity transfer model.
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The balance of heat transfer on surfaces (without coatings) of the
composite only relates to inner conductionand external convection.
Taking S; as an example, the boundary condition is

oT

—k
0x .

=h (T, — Ty)

=0

The two nodes, 0 and 1, are employed to discretize the left term of
the preceding equation, and so the discrete boundary condition of
the surface is

@k /Ax)(Ts, = T1) = 1y (T = T, 3)
However, the temperature of node 1 in Eq. (3), 7}, must satisfy
the energy conservation equation (1), which contains the radiative
source term ®! of the node 1 (control volume 1). Thus, the effect
of absorbed radiative energy by node 1 (control volume 1) in the
boundary equation (3), has been considered. The discrete boundary
condition of S, is similar to Eq. (3).

Radiative Transfer Coefficients (RTCs) of n-Layer Composite with
Semitransparent Specular Surfaces and Interfaces

The radiative transfer for this case can be classified into two
subprocesses’': 1) The firstis an emitting-attenuatingreflecting sub
process. Only emissionand attenuationof the medium andreflection
from the interface are considered, and the radiative transfer coef-
ficients (RTCs) are denoted by (V;V;); , _,, etc. 2) The second is
an absorbing-scattering subprocess. For an isotropically scattering
medium, the RTCs are denoted by [V; V_,»]iJ _,» etc.

All of the RTCs of the emitting-attenuating-reflecting subprocess
satisfy the following relationships:

n;,(Vi, Vlb);,,, =n (v, Vlu);,

-1t

ntzz.k(vlu S+OO)Z_[7[ = (S+00 VI«);[

—t
(S—oo Vlb)k_, = ni.k(vlb S*m)k,r—t
(S—oo S+oo)i_,7[ = (S+OOS*00);171 (4)

where subscripts a and b denote the ath and the bth layers, respec-
tively, and a, b = 1-n.

Radiative Intensity Transfer Model for
Emitting-Attenuating-Reflecting Subprocess

Single-layer and multilayer radiative intensity quotient transfer
functions are used in this paper to trace the radiative intensity trans-
ferring in the n-layer composite. For convenience,in the following
explanation, the notation for the two sides of a semitransparentin-
terface is specified as follows: Let P,, be the interface between the
mth and the (m + 1)th layers. The side of that interface that faces
the mth layer is denoted as P,,. The side of that interface that faces
the (m + 1)th layer is denoted as P,,’. Thus, the symbol P,, denotes
notonly interface P,, butalso the side of that interface that faces the
mth layer.

Single-layer radiative intensity quotient transfer functions, ex-
pressed by the symbol FZTZ_,(, are presented in Appendix B. The
multilayer radiative intensity quotient transfer functions, as shown
in Fig. 2, are expressed by the symbol Hﬁm+ | ~m+ ami> Which
means the quotient of the spectral radiative intensity arrived at in-
terface b2 (representing P/, Py i1/, Py am—1, OF Pyt ap) to that
emitted by interface b1 (representing P, or P, , ) for the kth
spectral band after the energy transferring once within the mul-
tilayer model. The subscriptm + 1 ~ m + Am denotes that the
multilayer model is composed of the layers from the (im + 1)th layer
to the (m + Am)th layer. The process wherein radiative intensity is
reflected and attenuated within the model for so many times that it
finally becomes zero is defined as transferring once. (See Ref. 20,
which has a more detailed explanation of this process.)

There are six kinds of multilayer radiative intensity quotient

. Py m+1'
transfer functions: HP L~ Am ks poomAl~mtAmks
m's m's
Pt Am P+ Am P+ Am—1
Pm’-m+ I~m+ Am.k> P,”+A,,,.'"+IN"'+A'"'k’ B11+An}.l”+lNI”+AI”"{,
Pyt Pyt
and H mat~meame-  Take  H mat~mtans  and
P P+ Am, P+ am,
m+ Am

» ma1~msami a8 €xamples for the purposes of illustration of
m+ Ams "

the deductive process of the multilayer radiative intensity quotient
transfer function. For convenience,subscriptk is omitted. As shown
in Fig. 2, assume that P, , », emits radiative intensity at angle 6,
and then we can trace it as follows.

1) After the radiative intensity transfers once within the

P, ’ .
(m + Am)th layer, ijiij" V() s amm+am—1, part of it tra-
verses P, am—1 and enters the top Am — 1 layers. Then after
transferringonce within the Am — 1 layers, the part of the radiative

intensity reaching P, for the first time is

Pt am—1 Pyt
X = FPm+Am V(O + amm+am—1 P am 1 1= m+ Am—1
and that reaching P, 4 o —1 for the first time is
_ FPm+Am—l’ 0 P am—1
NW=>rp .. YO+ amm + am—1 Pt am 1+t Am =1

2) A fraction, ¥ (@), +am—1.m+am,» Of the radiative inten-
sity that reaches P, am—1 Wwill enter the (m+ Am)th layer.

Then, after transferring once within the layer, a quotient,
P am—1

y(g)rnJrAmfl.erAme

S I,)/(6’)m+Am_m+ am—1, Will traverse
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P, am—1 and enter the top Am — 1 layers. Then, after transfer-
ring once within the Am — 1 layers, the quotient of the radiative
intensity reaching P, to that reaching P, 4 o —1 18

m+Aam—1

(9)m+Amfl m+Ame

0 _
st A — ( )m+Amm+Am 1

xH Pyt

Pntam—1.m+1~m+Am—1

and that reaching P,, , a,, _ to thatreaching P, , o, 1 18

— Pyt am—v
B = yw)”‘*”’"l'”‘+A”‘FP,,,+A,,,,I,V(g)m+Am.m+Am71
P +am—1
XHB:;+A::17|.M+l~m+Am—1 (<D

Thus, after the fraction y;, derived in step 1, experiences the pre-
ceding process, the quotient of the radiative intensity reaching P,
to that emitted by P, ; ,, for the second time is

Pt am -1
Xy = yly(g)rnJrAmfl.m+Amem+Am7I,y(9)m+Am.m+Amfl
P
Pon e am— 1,1~ mt Am 1

andthatreaching P, 4 o,y — 1 tothatemitted by P, ; ,, forthe second
time is

Y2 =y1B2

3) When step 2 is repeated for quotient y,, the quotient of the
radiative intensity reaching P,/ to that emitted by P, A, for the
third time is

_ m+Am—|’
X3 = yZy(g)rnJrAmfl.m+Amem+Am y(g)m+Am m+Am—1
P
XHBII+A1”7I‘m+INm+Amfl

and that reaching P, 4 A, —1 to that emitted by P, 1 a,, for the third
time is

Y = b

Thus, repeatingthe tracing process for quotient y; again and again
until it finally attenuatesto 0, the total quotientof the radiativeinten-
sity finally reaching P, to thatemittedby P,, , »,, canbecalculated,

[

HP"” — E X, =x + _* (52)
Pt Am T 1~m+am i 1 (1 — ﬂz)

i=1

where x,, x3, . ..
ratio B,(<1).

In a similar way, the other multilayer radiative intensity quotient
transfer function, H P’” Tam can be deduced:

,1s an infinite geometric progressionwith common

o+ Ams m+1~m+ Am>
Pt am Z
HPIII+AIII-I”+INI”+AI” i = ﬂ ) (5b)
i=1
h _FPm+Aln d _FP:zz+Anz—|’ 0
where 7 Pt am® an Iy = P+ Am J/( )m+Am.m+Amfl
P am —1 Pt am
Pt Am — m+INm+Am—I y(g)m+ Am —1 m+Amem+Am _e
P+ am—1
Equatlon (5) contains Hp' 7" . A, and
P . . .
P,IZM,” L mElmtAn— 1 and so it is an iterative formula. In

fact, calculation should begin from the (m + 1)th layer, that is,

P,
H,) =F, P and HO"! —FP’”+I are calculated first. Then,

P +1 +1/ P +1 +1
based on these two equations and combmed with the single-layer

radiative intensity quotient transfer functionsof the (;m + 2)th layer,

o rowsa and HYY L, can be deduced from Eg. (5).

Then, further based on these two equations and combined with

the single-layer radiative intensity quotient transfer functions of
P43 P

the (m + 3)th layer, HP,,,I;.’”*'”’”+3 and HPI”H_

" mil~m+3 can be
calculated from Eq. (5). In the end, we can obtain the values

of HP,,,/ HP,u +Am

e and PO y(8) and p(6) in

Eq. (5) are functions of the polarized components, as shown in
Appendix A.

In a similar manner, the other multilayer radiative intensity quo-
tient transfer functions can be calculated. For simplicity, those ex-
pressions are omitted.

RTCs of n-Layer Composite for
Emitting-Attenuating-Reflecting Subprocess

Itis very convenientto trace the radiative intensity transferringin
the n-layer composite by the use of the multilayerradiative intensity
quotient functions. Take (V;, S, ) ,_, as an example to illustrate
the deductive process of the RTCs. For convenience, subscript k is
omitted in the following.

As shown in Fig. 3, after the radiative intensity that is emitted by
V,, transfers once within the bth layer, the portions of it reachlng P,
and P,_ for the first time are x; = F{,”; and z; = FV’I” respec-
tlvely Then these two portions traverse P, and P,_, and transfer
in the n-layer composite until they attenuate to zero. When the two
transfer processes are traced, the total quotient reaching S, to that
emitted by V;, can be obtained, in which only the y (6),, portion
will traverse S, and be absorbed by S, . Take quotient x; = FV’I’b
to illustrate the transfer processin the n layers.

1) A fraction, y (6),, +1, of the radiative intensity x; will pene-
trate P, to enter into the following layers from the (b + 1)th layer
to the nth layer. Then after it transfers once therein, the quotient,
V=X psst 1Hp b4 1~ arTivesat Sy, of the radiativeintensity,
which is emitted by V,b, and after transferring once within the bth
layer, reaches P, for the first time, and the quotient of that arriv-
ing at P, to that emitted by V,, and reachipng P, after it transfers
once within the bth layer is xly(G)b bt IHP »+1~n- Then, a frac-
tion, ¥ (0)p 4 1.5, Of X1 ¥ (O)pp+ lH »+1-n traverses P, and enters
the top layers from the first layer "t the bth layer. After transfer-
ring once within the first to the bth layers, the quotient of the ra-
diative intensity reaching P, to that emitted by V;, and reaching
Pb after it transfers once within the bth layer for the second time
is x;=x;B3, where B3=y ()~ 1H bri~aV 01 prb L ~b
(<1).

2) The fractionrepresentedby x, repeatsstep 1. Then the quotient
fraction of the radiative intensity arriving S, to that emitted by V;,
and reaching P, after it transfers once within the bth layer for the
second time is

=%y @)bst 1H b1~

and that reaching P, for the third time is x3 = x, 3.
Hence, by tracing the transfer process again and again until the
radiative intensity attenuates to 0, the total fraction arriving at S, is

1~b—1{5 /\ /\ /‘\ L+ |+ Ly
e R

47
V. A VD

\
P £ 0 27 A £ I

Lypy |+ Ly

b+1~n{:

Y1 V3 Ya

S5

Sio 1L |
Fig. 3 RTC (V},S:00)},_,

ray trajectories.
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the sum of a geometric progression,

Zy’_ (1—/30

where B3(<1) is the common ratio of the geometric progression.
Only a fraction y (6),, of

e
2
i=1

traverses S, and is absorbed by S, .. Thus, finally, the fraction
absorbed by S, ., of the original portion x; is

INMGOES ¥ (@)ng

ﬂ
~ Fy y@spiHy i
- Py
L=y @por H, v @My
Note that Eq. (6a) is suitable for b#n. If b=n, then

F 1= v, )/ (9 )n 8- I3 ,
Slmllarly, when the other radiative intensity quotient,z; = F VI;;; '

Y0  (62)

is traced and transferred once in the n layers, the other radiative
intensity quotient transfer function, the fraction of z; absorbed by
S, 05 18

, ‘
Fy y @i Hy !y @ oHy

r,6) = : Ty O)ne
1- V(g)b.b— IHP I~b— ly(g)b—l bH b~n

b—1, -1

(6b)
Equation (6b) is applicableto b# 1. If b=1, then ', =0.
Finally, the total quotient of the radiative intensity absorbed by
S0 to thatemitted by V), is

@) =T1(0) +T200) @)

The values of I'(9) are different, corresponding to the two par-
allel and perpendicular components. Thus, for unpolarized inci-
dence, the total quotient absorbed by S, can be expressed as
[T'(0),,+T(0).]1/2.Integratingthis expressionover the whole hemi-
sphericalspace gives (V;, S1); , _,- Equation(7) is a discontinuous
function over the whole hemispherical space because of total reflec-
tion, p(0) =1, so that the following method is used to overcome
this difficulty:

1) Solve for the critical angles of the bth layer vs other
layers and the surroundings. If n, >n, (a=0 to n+1), then
0,, = arcsin(n,/n,). Otherwise, if n, <n,, no total reflection oc-
curs, and 6, = /2. After doing this, n + 2 critical angles, 6, 6;,
Oy - - Ob’n, and 6, are obtained, where 6;, must equal the
blggest angle /2.

2) Arrange these angles from smallest to largest, and assume that
the rearranged array is Oy_1,(=0) < y0 <01 <O <+ <Op(n s 1)»
where 6,,(, + ) must equal 77 /2.

That is, the whole hemispherical space is divided into n + 2 in-
tervals separated by the critical angles, [6y_1), 6s0l, [Ob0, Oi], - - -,
and [6,,, 6y + 1)1, and, within any interval, the function I" becomes
continuous. Thus,

b(n+1)

O + 1)
(V,,]S+oo)k[ [ Zf [T(©),+T(0).]cosfsind do (8)

i=—1

What needs to be emphasized in Eq. (8) is that the criterion for
total reflection to occurr, as discussed in Appendix A, must be used
when this equation is integrated. Similarly, the other RTCs can be
determined.

RTCs of n-Layer Composite for Absorbing-Scattering Subprocess

The RTCs just deduced are suitable for an absorbing medium.
However, for an absorbing, isotropically scattering medium, part
of the radiative energy representedby RTC (V;V;); . _,, etc., is ab-
sorbed, and the rest is scattered. The following process should be
carried out.

Because the following deduction implies a precondition that the
energy redistributed must be unity, the RTCs for the absorbing-
attenuating-refecting subprocess should be normalized initially.
That is,

ViV = WiV V; € bth layer (9a)
R0 (i Axy) ' Y
ViSi,_.
VS, = ket V, € bth 1 9
( REET (ducy k AXy) ayer . (9b)
S.V; )k, =SV, (9¢)
(.85, =SS5, _, (9d)

where the asterisk denotes normalized RTCs. In fact, for improving
the accuracy for calculating the scattering RTCs, we use this term,

M;
Z Vi V.i)i.r—r + (VI'S*OO)i.r—r + (ViSJrOO)i.r—r
j=1

instead of 4k, Ax, to normalize (V;V;);,_, and (ViS,); in

Eqgs. (9a) and (9b) because the value of

kit—t

M;
D ViV, VS, (ViSi)i,
Jj=1
does not completely equal 4k, Ax;, due to the numerical integrating
error when calculatingRTC (V; V;); . _,, etc. Take [V, S, ] to illustrate
the deductive process, and, for convenience, subscripts t — ¢ and k
and superscript s are omitted. Subscript a is introduced to denote
the absorption quotient. Notice that only the medium scatters, not
the surfaces:
1) After the first scattering event, [V; S, I* ¥ = (V; S,)*.
2) After the second scattering event, the energy emitted by V; and
scattered by all control volumes is

M;

> (Viv) w,

=1

which can be considered equivalentto that isotropically emitted by
the control volumes. This scattering event causes the portion

M

> (Vive) ), (V.5.)°

=1

to be absorbed by S,:

M:
VS, = ViS5 + > (Vi Vi) o), (Vi)

=1
3) Part
M; . Mt *
s 35 vy
=1 =1

of the scattered energy
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derived in step 2 will be scattered again, and this causes some of
the radiative energy, emitted by V;, to be absorbed by S, once more.
Thus, after the third scattering event,

[V,S, 15 = [V,S, ]
M; . M; . ;
£30 ) w;z[z (Vv (5. }
=1 Iz3=1

4) The scattered energy,

M, . Mt *
3 | 35y

=1 =1

derived in step 3 will be scattered again, and this causes some of the
radiative energy to be absorbed by S, for the fourth scatteringevent.
Thus, tracing the scattered energy repeatedly in this way until all of
the control volumes satisfy the following inequality

< 10710

M;
1- {[V,- Sl + Y ViV 4 [V, Sen ] }

j=1

the calculationis finished. After the nth-order scattering event,

M; M;
VS, = V.S 17"+ > (V. Vlz)*w,;{ PUA DA

=1 =1

M; M;
" { Z(Vlgm*wb”'{ > (Vi) 'e,

Iy =1

x [i (Vi Vi) @, (Vi Su)*} } } } (10)

Then, [V;S,] can be found from the inverse calculation:
[V:iS,]=40, Axp[V;S, ]2, where V; € bth layer. Similarly, after
the nth scattering event, [S,S,]1=[S,S, ™, [ViV;]l=
4oy Axy [V V17", and [S,V;]1=[S,V;]l:"™ can be determined,
where

M M
[Su Sv]zn[h = [Su Sv]z(’X7l)[h + Z (Su V/z)*wl/z { Z (V/Z V/3)*w;3

bh=1 =1

M M
" { Z(Vlgm*wb”'{ > (Vi) 'e,

Iy =1

x [f (V,,,Iv,,,)*w;,,(v,,,sv)*} } “ (11)

=1

M; M;
[V V I = VL 4+ Y (Vi) o, ! A

=1 Iz3=1

M; M;
" { Y (Vi) o { Y (Vi) e,
Iy

h—1=1

x [i (Vi Vi) @' (Y, V.f)*n_,} } “ (12)

In=1

M; M;
(S V1 =[S, V12" + ) (S, V,z)*w’lzi > (VuVi) @

bh=1 Iz3=1

M; M
- { Z (V’3V/4)*w/"‘ { Z (V"szln—l)*w//n—l

lp=1 h—1=1

x [i (Vi Vi) @' (Vi V.f)*n_,} } “ (13)

=1

Validations of Physical Model
and Calculation Procedure

Validations of RTCs
The correctness of the spectral RTCs is first validated by Eq. (4)
and the following equation:

M;
ViVl A ViSoalh, , + ViSasly,, = 4o, A,

j=1

V. € bth layer (14a)

M;
[S_coS_acli_, + Y IS Vili,_, +[S_aSincli,_, =1 (14b)

j=1

M;
[SiooSnolly i+ D [ShaVil,_, + [SiaeSll,_, =1 (l4o)

j=1

The RTC expression (8) is numerically calculated by a 30-point
improved Gaussian quadrature scheme. The precision of Gaussian
quadrature scheme is chosen as 1077, and, with this precision, the
errors for the satisfactionof Eqs. (4) and (14) are smaller than 1017
Hence, Eqgs. (4) and (14) are satisfied very well. (Please refer to
Ref. 20 to getmore informationabouthow the satisfactionof Eqs. (4)
and (14) is checked.)

Comparison with Refs. 12 and 22

Reference 12 investigated the radiative heat transfer in an
isothermal layer with specular semitransparentboundaries. Hence,
comparison with the current results helps to validate the spec-
ular model of this paper. Figure 4 shows the comparison. The

1.0 — T 77—
i Refractive Initial 4
index temperature, T,
08 |- 1. 30 2000 K -
2. 15 2000 K
i 3. 15 1000 K ]
08 _
® i i
07 1 _
B 2
06 = .o Ref. 12 3 3
| — Current Results |
0.5 . N T I S N P
0.0 0.2 0.4 0.6 0.8 1.0 1.2
t Ref.12

Fig. 4 Comparison of the results of this paper with those of Ref. 12.
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(22 |
ray-tracing method

Fig. 5 Comparison of the results of the multilayer diffuse reflection
model of the ray-tracing method with those of Ref. 22.

dotted curves are the results of Ref. 12 by the use of the fol-
lowing parameters: o; =20, 400, and 10,000 m~' correspond-
ing to A=0~27,27~4.4, and 44~00 pm, respectively,
Ly =0.005m, T =T, =300K, and 7, =Tj. The initial tem-
perature and the refractive indexes are indicated in Fig. 4. The di-
mensionless time is defined by Ref. 12 as 13 ; |, = ant/(plclL,).
Let the layer number n = 1, then, take the whole layer as one con-
trol volume (M, = M, = 1), and choose the conduction—radiation
parameter as very small, N; = 107!, Then, the multilayer specular
model of this paper can also calculate isothermal layer results for
pure radiation. As shown in Fig. 4, the current results agree well
with those of Ref. 12.

Siegel* investigatedtransient coupled heat transferin a two-layer
composite with spectral properties. The surfaces and the interface
of the two-layer composite are semitransparent and diffuse. The
ray-tracing method also can be used to investigate the transient cou-
pledradiativeand conductiveheat transferin a multilayer composite
with semitransparentand diffuse interfaces, and so the results of the
multilayer diffuse reflection model of the ray-tracing method can
be compared with those of Ref. 22. The comparison with Ref. 22
can validate the correctness of the discrete boundary condition of
this paper, Eq. (3), which is the same as that for the multilayer
diffuse reflection model of the ray-tracing method. The calculat-
ing parameters are n =2, T_ o =2T,, T, =Ty =T, =Ty, =T,,
picr=paco, [ (0T =hy /(6 T}) =4, Ly =Ly, ny =15,n,=3,
and N; =N, =0.015. The optical properties of the two-layer
composite is expressed by two spectral bands with cutoff
AT, =4000 umK: w; ; =0.7101, w;,=0.98, 7, ; =6.9, 11, =5,
w1 =wr2=0, 71 =5, and 1., =0.5. As shown in Fig. 5, good
agreement is obtained. This proves that the discrete boundary con-
dition (3), the spectral band model, the numerical method, the mul-
tilayerray-tracingmethod, and the isotropicscattering theory of this
paper are correct.

In addition, the numerical methods used herein are the same as
those used in Ref. 20. (Please refer to Ref. 20 for more information
about the numerical methods.)

Results and Discussions

As showninEq. (1), transientcoupledheat transferin a multilayer
composite with spectral properties can be studied. The comparison
of the results of this paper with those of Ref. 12 in Fig. 4, and the
comparison of the results of the multilayer diffuse reflection model
of the ray-tracingmethod with those of Ref. 22 in Fig. 5, wherein the
effects of spectral properties of medium on radiative heat transfer
have been investigated, proves that the spectral band model of this
paperis correct. However, for simplicity, only transientheat transfer
in a gray multilayer composite is investigated in this section. The
node number of each layer M, is chosen until the total steady-state
heat flux and the steady-statetemperature at each node almost reach

1.0 . , . .
L n,=1 1.5 2 25 3]
. \"\\ —
0.9 . "~ | Steady state

1.0 ‘ T T T T

k

cady state~~——. .

b) kp =500 m~—!

Fig. 6 Temperature profile for refractive indexes arranged in increas-
ing order along the thickness of the composite slab.

constant values.'® From Figs. 6-8, the number of control volumes
is chosen as M, =100 (b = 1-n). M, =25 is chosen for Fig. 9. A
constant time step, At* =1*/300, is applied, and the steady state is
said to be reached if max [T, "' — T"| < 107°.

These parameters are constants in the following calculations:
ppCy = constant (b =1-n), Ty =500K, T, = 1000 K, T_, =T, =
1000 K, and T, =T,, =500 K. The following stipulations are
specified for Figs. 6-9:

1) Curve 1 (w, =0, where b =1-n) and curve 2 (w, =0.9) are
for pure radiation. For this condition, the conduction—radiation pa-
rameter of each layeris assigned to be very small in the calculation,
suchas N, =107'°(b = 1-n), and h; =h, =0 Wm~2 K~'. Hence,
there is no conductionwithin the composite, and the composite does
not exchange convective energy with the surrounding fluids.

2) Curve 3 (w, =0) and curve 4 (w, =0.9) are for coupled
heat transfer in the composite with N, =0.006 and h,=h, =
10 Wm~2 K~!. For these cases, in addition to exchanging radia-
tive energy with the surrounding black surfaces, the composite ex-
changes convective energy with the surrounding fluids as well, and
thereis interactionof conductionand radiation within the composite.
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Fig. 7 Temperature profile for refractive indexes arranged in decreas-
ing order along the thickness of the composite slab.

Effect of Refractive Index Arrangement on Heat Transfer

The effect on heat transfer of the refractive indexes being ar-
ranged in increasing order along the thickness of a five-layer com-
positeis shown in Fig. 6a (k, =50 m™!, where b = 1-n) and Fig. 6b
(r, = 500 m~"), where the thickness of each layer of the composite
is the same, L, =0.004 m (b= 1-n).

As shown in Fig. 6a, for pure radiation (curves 1 and 2), there
is a discontinuity in the temperature at both sides of each interface.
When there is no scattering (curve 1), the average temperature of
each layer decreases along the whole thickness. Because there is no
reflection at surface S; (becausen; = 1), all of the radiative energy
emitted by S_, enters the first layer. On the other hand, there is
reflection occurring at the interface between the first layer and the
second layer, so that the first layer absorbs most of the radiative
energy, and the radiative energy entering the following layers de-
creases. These conditions cause the first layer to have the highest
temperature and the temperature differenceat the interface between
the first layer and the second layer to be largest.

However, differentresults occur for the addition of isotropic scat-
tering. As shown by curve 2, for a shorttime the highesttemperature

1.0 —— 11— —

0.5
00 01 02 03 04 05 06 07 08 09 1.0

X

a) Refractive indexes arranged in increasing order along the thickness
of the composite slab

1-0 T ‘ T T T T | T ( T | T I T
n=3 |25 2 15+ 1

0.5

X

b) Refractive indexes arranged in decreasing order along the
thickness of the composite slab

Fig. 8 Effect of layer thickness on heat transfer.

appears in the fifth layer, the lowest temperature appears in the first
layer, and the average temperature of each layer increases along
the whole thickness. This shows that the introduction of scattering
causes the layer with the bigger refractive index to absorb more
radiative energy. This phenomenon is mainly caused by total re-
flection. As shown in Fig. 6, total reflection will occur at the right
side of every interface of the composite. When the radiative energy
emitted by S_,, enters the composite from S, the media of the
composite absorbs little, and most of it is scattered. If the incident
angle of the scattered energy is greater than the critical angle of an
interface, total reflection occurs at the right side of the interface,
and this inhibits scattered radiative energy transferring from right
to left. Hence, the larger the refractive indexes of the interfaces that
are located on the left of a layer, the more the scattered energy is
reflected back, and the higher the temperature of the layeris. As the
process gradually evolves, the temperatures of all layers increase,
and, at steady state, curve 2 superposeswith curve 1 completely. The
dimensionless steady heat fluxes of the two curves are also the same
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Table 1 Dimensionless steady heat flux (*)

Fig. 6 Fig.7

Fig. 8 Fig. 9

Curve a b a

a b a b

W =

0.4531 0.1821 0.4531 0.1821
0.4531 0.1821 0.4531 0.1821
0.4840 0.1993 0.4748 0.1977
0.4779 0.1975 0.4709 0.1964

0.4531 0.4531 0.2911 0.2911
0.4531 0.4531 0.2911 0.2911
0.4840 0.4747 0.3086 0.3063
0.4774 0.4709 0.3043 0.3023
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Fig. 9 Effect of layer number and refractive index arrangement on
heat transfer (k; =50 m—1).

(Table 1). This is a well-known conclusion that isotropic scattering
exerts no influence on radiative equilibrium.

As for coupled heat transfer (curves 3 and 4), the heating of the
left side fluid causes the temperature of S; to increase. The cooling
of the right side’s low-temperature fluid causes the temperature of
S, to decrease. The dimensionless steady heat fluxes are bigger than
those of pure radiation, and the discontinuity of temperature at all
interfaces disappears. Curves 3 and 4 almost cross curves 1 and 2,

respectively, for a short time. This clearly shows how conduction
affects the pure radiation temperature distribution of the composite.
When the media scatters isotropically,as shown by curve 4, a min-
imum temperature appears within the composite for a short time,
and the dimensionless steady heat flux is somewhat smaller than
that without scattering (curve 3).

As shown in Fig. 6b, when the extinction coefficient of each layer
increases (k, =500 m™'), the radiative energy emitted by S_, is
strongly absorbed by the medium close to the surface of the first
layer, and so the temperature of S; and the medium close to the
surface rises quickly, especially as shown by curves 1 and 3. The
temperature gradient in each layer increases, and the dimension-
less steady heat flux decreases greatly (Table 1). Because of the
large extinction coefficient of each layer, as shown by curve 2, ini-
tially, isotropic scattering can not cause the average temperatures
of the layers to increase along the whole thickness of the compos-
ite as compared to the same case for a smaller extinction coefficient
(Fig. 6a). Inaddition,no minimum temperatureappears for the cases
of coupled heat transfer with scattering (curve 4) in Fig. 6b, as com-
pared to Fig. 6a. At steady state, curves 2 and 1 are superposed on
each other, and isotropic scattering decreases the steady heat flux of
coupled heat transfer as well.

The effect on heat transfer of arranging the refractive indexes in
decreasing order along the slab thickness are shown in Figs. 7a and
7b. Except for refractive index, the other parameters of Figs. 7a and
7b are the same as those of Figs. 6a and 6b. Compared with Figs. 6a
and 6b, we can see that radiation causes the steady-statetemperature
curves to concave downward. The dimensionless steady heat fluxes
for the cases of pure radiation (curves 1 and 2) in Figs. 7a and 7b
are equal to those for the same cases (curves 1 and 2) in Figs. 6a and
6b, so that reversing the refractive index values has no influence on
steady-state heat flux for radiative equilibrium. This conclusion is
the same as that of Ref. 2. The reason is that, on one hand, when the
refractive index of one layer increases, the ability of the media of
the layer to emit radiative energy is intensified, and this causes the
steady-state flux to increase. On the other hand, the reflection and
total reflection at the interfaces of the composite are also intensi-
fied, and this decreases steady-stateheat flux because the intensified
reflection prevents radiative energy propagation from left to right.
However, for pure radiative heat transfer conditions, when the re-
fractive index arrangement of the composite is reversed, these two
effects on increasing and decreasing steady-state heat flux compen-
sate for each other and keep the steady-state heat flux unchanged.
However, for coupled heat transfer conditions, the steady heat fluxes
(curves 3 and 4) in Figs. 6a and 6b are smaller than those of coupled
heat transfer (curves 3 and 4) in Figs. 6a and 6b (Table 1). Arranging
the refractive indexes such that they increase along the slab’s thick-
nessis advantageousfor coupledheat transfer. This canbe explained
from Figs. 6a and 7a. As shown in Fig. 6a, for pure radiation and
steady-state conditions (curves 1 and 2), the temperature gradients
in the first layer are much larger than those in the other four layers,
and the temperature curve concaves upward. These features, caused
by radiation, are advantageous for convective heating on the left
surface when conductive heat transfer is added to the composite be-
cause of the large temperature gradientin the medium near surface
S;. However, it is disadvantageous for convective cooling on the
right surface due to the small temperature gradient in the medium
near surface S,, butin Fig. 7a, the contrary condition occurs. That s,
the effect of radiation on temperature distribution is advantageous
for convective cooling on the right surface and disadvantageousfor
convective heating on the left surface when conductive heat transfer
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is considered. By comparison of the results shown in Fig. 7a (for
which the right surface is cooled by the intensified convective) to
the results shown in Fig. 6a (for which the left surface is heated
by intensified convective), heat flux can be increased considerably.
What should be pointed out is that if there is no convective heat
transfer on both surfaces when conductive heat transfer is added to
the composite, the coupled steady-state heat flux for the case of the
refractive index arrangement in Fig. 7a is larger than that for the
case of the refractive index arrangementin Fig. 6a.

As shown by curve 2 in Fig. 7a, the average transient temperature
of each layer decreases along the slab’s thickness when scattering is
added. For coupled heat transfer,comparing curve 4 with curve 3, we
can see that scattering can make the temperatures of surface S; and
the media near the surface increase. This trend can be understood
because the smaller absorption coefficient of each layer, which is
produced by adding scattering, causes a decrease in the ability of
eachlayerto emitenergy. Then the convectiveenergy, received from
the left surrounding fluid at a high temperature, can not be reemitted
adequately by the media near surface S; due to the smaller absorp-
tion coefficient therein, and so it accumulates within the layer. The
steady heat flux for scattering cases (curve 4) is smaller than that
for nonscattering cases (curve 3) due to the resistance caused by
scattering (Table 1).

The large extinction coefficient of Fig. 7b weakens the effect of
radiativetransferbetweentwo distantnodes. Compared with Fig. 7a,
the curvesin Fig. 7b get closer, the temperature gradientincreases,
and the steady-state heat flux greatly decreases.

Effect of Layer Thickness on Heat Transfer

Let the optical thickness (t, =k, L, =0.2, where b = 1-n) and
other parameters of each layer in Fig. 6a and Fig. 7a remain un-
changed. Then change the thickness of each layer to L; =0.004,
L,=0.002,L;=0.008,L;=0.001,and L5 =0.005 m. The results
are shown in Figs. 8a and 8b. As shown by the cases for radiation
only (curves 1 and 2), the temperatures of the second and the fourth
layers are higher than those of other layers at shorter times due
to their large extinction coefficients. The two curves are still super-
posedon each otherat steady state and have equal steady heat fluxes,
which are the same as those of comparablecases in Figs. 6a and 7a.
For a short time, two maximum temperatures appear in the second
and the fourth layers when conductionand convection are included
(curves 3 and 4), and two minimum temperatures appear in the first
and the third layers. The steady heat fluxes for cases including con-
ductionand convection (curves 3 and 4) are almost the same as those
of the corresponding cases (curves 3 and 4) in Figs. 6a and 7a.

Effect of Layer Number and Arrangement of Refractive
Index on Heat Transfer

For this case, each layer of Fig. 6a was divided into four equal
parts, and the resulting 20 layers were rearranged as shown in
Figs. 9a and 9b to compose a new 20-layer composite, which can
be considered a combination of four similar subcomposites, each
of which contained five layers. In Fig. 9a, the refractive index ar-
rangement in each subcomposite is from small to large along the
direction of increasing thickness, but reversed in Fig. 9b. As shown
in Figs. 9a and 9b, the temperaturedistributionshows some complex
periodicity.

As shown for radiation only (curves 1 and 2) in Fig. 9a, the tem-
perature distribution in each subcomposite is similar to that shown
for the same cases in Fig. 6a. The average temperature of each sub-
composite decreases along the slab’s thickness, and the two curves
are superposed on each other at steady state. Just as the temperature
distribution for pure radiation shows some periodicity, the temper-
ature distributions for coupled heat transfer also are periodic, as
shown by curves 3 and 4. The steady-state heat fluxes of coupled
heat transfer are larger than those for pure radiation because the
transfer energy is increased by combining conduction and convec-
tion. The steady heat flux for the scattering case (curve 4) is smaller
than that for the nonscatteringcase (curve 3), and curve 4 is smoother
than curve 3 at steady state because the scattering of a medium can

distribute radiative energy more uniformly within a layer. A com-
parison with Fig. 6a shows that, though the total optical thickness
of the composite does not change, the steady heat fluxes are greatly
reduced (Table 1) because the stronger reflection, caused by the in-
creased refractiveindexes at interfaces within the composite, resists
the radiative energy transferring from left to right.

The same type of periodicity is shown in Fig. 9b. As shown by
curve 1, for the pure radiation case, the temperature distributionin
each subcomposite is similar to that for the same case in Fig. 7a
at steady state, but the temperature of the fifth layer of each sub-
composite is obviously higher than that of other layers of the same
subcomposite. The main reason for this is that, the radiative energy,
absorbed by the fifth layer of each subcomposite from S_., or other
layers, can not be reemitted adequately because of its unit refractive
index. In Fig. 7a, the fifth layer can be cooled better because it di-
rectly faces S, o, which has a low temperature. This phenomenon
is shown to some degree by curve 1 at t* =0.2. The steady-state
heat fluxes for coupled heat transfer (curves 3 and 4) in Fig. 8b are
smaller than those in Fig. 8a. The reasons are the same as the expla-
nations for Figs. 6 and 7. From the preceding analysis, we can see
that the heat transfer periodicity in Figs. 8a and 8b is similar to that
in Figs. 6a and 7a.

Conclusions

Transientcoupledradiative and conductive heat transferin a mul-
tilayerabsorbing,isotropicallyscatteringcomposite with semitrans-
parent and specular surfaces and interfaces has been investigated.
The specular reflectivities of all surfaces and interfaces are deter-
mined by Fresnel’s reflective law and Snell’s refractive law. By
the creation of one-layer and multilayer radiative intensity transfer
functions, the transfer process of radiative intensity in the multi-
layer composite can be easily traced, and an attenuation expression
can be obtained. When the whole hemispherical space is integrated
over to solve for the RTCs, the complex total reflection problem
of the multilayer composite can be solved by the following two
steps: 1) dividing the interval of integration for the whole hemi-
spherical space into many intervals that are separated by critical
angles arranged from small to large (or from large to small) and
2) using Snell’s refractive law to determine the reflection occur-
ring at the interfaces and surfaces. The RTCs of the multilayer
composite are used to calculate the radiative source term in the
overall conservation of energy equation,'® and that energy equation
is solved by the universal fully implicit discrete control-volume
method.

Comparing our results with those of Ref. 12 for a single layer
has helped to validate the RTCs computed from Eqs. (4) and (14).
This provides confidence in our solutions. The effects of refractive
indexes on pure radiative and coupled heat transfer are investigated
simultaneously. The analysis of our results shows the following:

1) When the extinction coefficient of each layer constant is kept,
adding isotropic scattering decreases the coupled steady-state heat
flux, as compared to the condition with no scattering.

2) For the case of a composite with hot surroundings (heating
the composite by radiation and convection simultaneously) on one
side and cold surroundings (cooling the composite by radiation and
convection simultaneously) on the other side, the coupled steady-
state heat flux for increasing the refractive index from the hot to the
cold side is greater than that found for a decreasing refractive index.

3) If the refractive index varies periodically through the layers
of a composite slab, and all other parameters in each layer are the
same, the temperature distribution throughout the composite has a
periodic variation superimposedon the overall results that are found
without a periodic refractive index.

4) As the number of layers and interfaces increase, but the total
thickness and the total optical thickness of the composite are kept
unchanged, reflection is strengthened, and so the steady heat flux
decreases.

Appendix A: Determination of Reflectivity

The radiative intensity emitted by the mth element at angle 6 will
enter the bth layer from P, _ | or P,, which are the two boundariesof
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the bth layer. Then it will be reflected many times within this layer
at angle 6,, which is the refractive angle in the bth layer. According
to Snell’s refractive law, it can be expressed as

0, = arcsin(sin6n,, /n;) (A1)

where n,, is the refractive index of the mth element.

When the radiative intensity propagates from the bth layer to its
neighboringoth (0 =b — 1 orb + 1) layerat angle ,, the reflectivity
at the interface p(6y)5, is function of the polarized components.
For a perfect dielectric ideal medium, the effect of the extinction
coefficient in the complex index of refraction can be neglected.
According to electromagnetic theory, if total reflection does not
occur, then'>?

- 2
tan(9, — ¢,)

0p)po = | —— A2a

07 O)b | Tan 1) (A2a)

for a parallel component

r 12
sin(6, — ¢,)

O )po = | ———= A2b

01 Op)s | Sin @, + o) | (A2b)

for a perpendicular component, where ¢, is refractive angle of the
oth layer, and®?

¢, = arcsin(n, /n, sin6,) (A3)

When n,, > n,, and 6, > arcsin(n,/n;), then total reflection oc-
curs, that is, p(6,),, = 1. If n, =n,, then p(6,),, =0.

By the substitution of Eq. (Al) into Eqs. (A2) and (A3), the
reflectivity p (6,)5, can be writtenas p (0)5,, Whichis only a function
of 6. By the substitution of Eq. (A1) into the preceding inequality,
0, > arcsin(n,/n,). Whether or not total reflection occurs at the
interfacecanbe determined by the angle 8. Hence, when any element
(surface or control volume) emits radiative intensity at angle 6, the
reflectivity of all of the interfaces and the total reflections occurring
therein are determined by the angle 6.

Conversely, if a ray propagatesfrom the oth layer to the bth layer
at an incident angle ¢,, 6, becomes the refractive angle. Then, as
shown in Eq. (A2), 0(@0)os = 0 ()b

Appendix B: Single-Layer Semitransparent Medium
Radiative Intensity Transfer Model

For the specular reflection condition, we can trace a ray (emitted
at a specific angle) along its journey to obtain an attenuationexpres-
sion. The equations that describe radiative intensity propagationin
a single layer are defined as single-layerradiative intensity transfer
functions, expressed by the symbol Fle_k, which is the ratio of the
spectral radiative intensity received by control volume or interface
a2, to that emitted by control volume or interface al, in the kth
spectral band. Whether the medium is gray or nongray, the formu-
lation and the deductive processes are the same; and so subscript k
is omitted here.

As shown in Fig. B1 assume P, | or P, emits radiative in-
tensity at angle 6,. Then it will be reflected and attenuated many
times within this layer until it becomes zero. When this process

P, b PO),1,

) fb-l' -\ /\ POy -1 X, P
i RA)
1, //)( // )( A% '

l e
VJ,, d X / /(/ _ﬂ’ x(’;bﬂ)b
T+, 0 A
P, Ly h v vp(g)b’b“ x(Jb‘rl)b
b

Py P! (g)b+1,b

Fig. B1 Single-layer semitransparent medium radiative intensity
transfer model.

is traced, the following radiative intensity quotient functions are
obtained'®’:

Fy = 10O exp[ (Lo +x7,,,) /1]

+ exp(—wpx," " [ s) J1 = exp(—icy Axy/ )1/ (1 = B1)
FZZ’ = {/o(gb)b.b—l eXP[—Kb (Lb + ngfll)/ﬂb]
+exp (—ipx?, 1), [ 1s) 11— exp(—s Axy/1s)1/ (1 = B1)

Fpr = exp(=2k, L1/ 115)p @p)p—1/ (1 = B1),

P, _
Fp = = exp(=2ksLy/ s)p0p)pp+1/(1 — Br)
P,
Fy =Fp~" =exp(—i,Ly/m)/(1 = B) (Bla)
where x(fl,b+ Dp :Lb - Ibeba x[ib—l’ = (Ib - I)Axb, ﬂl =

exp(—2kp Ly /1p) P Op)o,5— 1P Op)bp+1 < 1, p = c0s0,, and 0 is
the incident angle.

The radiative intensity emitted by V,, is also reflected and at-
tenuated many times within this layer until it becomes zero. When
this process is traced, the other radiative intensity quotient transfer
functions can be obtained!?->’:

P Vi Py _yr Vi
Fy' =F,", F F,'

Vi, | Y

Vy b

Fy,' = {exp(—px;) /1)
+ 0@ exp[ =iy (x," " 277 1]
+(O)s+1 exp[ s (5] 1), + (01 0,) /1o
+ P On)bo—19@os 1 exp =5 2Ly =283, = x;77) [ 0]}

x [1 = exp(—k, Ax, /)P /(1 = B1)

Vi,

F, = {P(@b)b.bﬂ exp(_szxlf;b,]r/Mb)

+00)bp41 CXP(_ZKbx([;b+ 1),,//“)

+200)0.6- 100041
X eXP[_Kb(xlf;biw +L,+ x(f;b+ 1),,)//“]}

x [1 = exp(—kp Ay /)T /(1 = B1) (B1b)
where xljb” is the distance between V;, and V/,, as shown in Fig. B1,
andx," = ([I = J| = 1)Ax,.

The preceding equation for F“ZZ represents the quotient of the

radiativeintensityreceivedby V;, (superscript)to thatemittedby V;,
(subscript), traversing between the two boundaries 7, and (1 + 1),
of V,,, and transferring within the layer until it reduces to zero.
However, before the radiative energy emitted by V;, over the whole
space traverses the two boundaries I, and (/ + 1), part of it is
absorbed by V, itself, and this is considered as

1
A
dicy, Axy, —2{1 —2/ uexp[—w} du}
0 23

that is, this term must be added when calculating (V, V,,); _,.

The reflectivities, p(0)p, 1 and p(Bp)p.» 11, in Eqs. (B1) are
determined as discussed in Appendix A. Thus, corresponding to
the two parallel and perpendicular components, there are different
values for Eqgs. (B1). In addition, for the first and the nth layer, P,
and P, appearin Egs. (B1), and they should be replaced by §; and
S, respectively.
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